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Abstract
This is part two of a series of four methodological papers on (bi)quaternions
and their use in theoretical and mathematical physics: 1 - Alphabetical bib-
liography, 2 - Analytical bibliography, 3 - Notations and definitions, and 4 -
Formulas and methods.
This quaternion bibliography will be further updated and corrected if
necessary by the authors, who welcome any comment and reference that is
not contained within the list.
Living report, to be updated and corrected by the authors, first published on the
occasion of the bicentenary of the birth of William Rowan Hamilton (1805–2005).
1
1 Table of contents
The table of content is essentially the list of the main KEYWORDs (always written
in the singular) used for classifying the items in the bibliography.
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3
2 Introduction
The purpose of the present analytical bibliography is to present a selection, but
as comprehensive as possible, of the use of biquaternions in theoretical and
mathematical physics, with an emphasis on their applications to fundamental
rather than applied topics.1
This bibliography is already available as an alphabetic list [1]. But, in that
form, it is not much more useful than the internet. What is needed is a logically
sorted bibliography — an analytical bibliography that can be used by physicists to
solve a problem, and by mathematicians to see what is of interest to physicists.
As is well known to anybody who has tried to classify a large set of scientific
papers, sorting a bibliography is a very difficult and time-consuming task: It took
us over ten years to bring this bibliography into its present form.
Of course, there is a certain amount of subjectivity and arbitrariness in design-
ing any classification scheme. For this reason there will be a few sentences of
introduction at the beginning of every subset of papers, explaining what is being
collected in every chapter and section of the bibliography.
Similarly, in this general introduction, we would like to explain what we mean
by “mathematical physics,” the concept which appears in the titles of this series
of methodological papers [1, 2, 3, 4], and which is our main thread in compiling
and sorting our alphabetical and analytical bibliographies.
According to Ludvig Faddeev, “the main goal of mathematical physics is the
use of mathematical intuition for the derivation of really new results in fundamen-
tal physics” [5]. In the present case, the mathematical tool is complex quaternion
algebra and analysis, which is so well suited to physics in our four-dimensional
world that there is no important fundamental result which cannot be elegantly
formulated and concisely derived using biquaternions, and only few quaternionic
generalizations of fundamental theories which do not correspond to physical re-
ality. This is, in a forceful way, the confirmation of the validity of “Hamilton’s
conjecture,” the intuition that motivated Hamilton’s dedication to quaternions, and
their applications to physics, for most of the second half of his life (see Ref. [13]
in Sec. 6.1).
However, this bibliography is not restricted to just papers in which quaternions
or biquaternions are used explicitly: it also covers papers in which a hypercomplex
coordinate-free whole-symbol system allied to quaternions is used (e.g., Clifford-
1The only exceptions to this rule are papers or books of general interest, and papers included
for completeness when they are important to understand other papers.
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numbers, Pauli vector-matrices, Eddington-numbers, semivectors, two-component
spinors, twistors, etc.), and papers in which a quaternion or biquaternion structure
plays a central role. The kind of papers that are not included are those in which a
strictly conventional matrix-type formalism is used (e.g., the Pauli- or Dirac-matrix
formalisms), and papers which have not been published (or would not qualify to
appear) in peer-reviewed journals.
An important criterion used in compiling our bibliography is that it includes
only papers which we have read, so that we were able to attach a few keywords to
each entry in the reference list. These keywords have the format %%KEYWORD,
where “%” is the symbol used for comments in TEX so that they do not appear in the
compiled bibliography, and where KEYWORD is always written in capital letters
and in the singular. However, the keywords are visible and can be searched for in
the TEX-source of the bibliography. As a matter of fact, this is how the present
“analytical” bibliography was created starting from the “alphabetical” one. For
this reason the titles of the following chapters, Chaps. 3 to 9, and their sections,
are nothing but the main keywords attached to every reference listed in them.
Finally, in Chap. 10, at the end of the bibliography, we detail the conventions
used for the labels and styles of all types of references, of which typical examples
are given in Sec. 10.6.
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This chapter contains a selection of mathematical quaternion-papers which are of
direct interest to mathematical physics. It not does contain however numerous
papers or books in which quaternions, biquaternions, or quaternion structures are
primarily studied or used in the context of “pure mathematics.”
While the concept of quaternion as defined by Hamilton has a universal accep-
tance, it should be stressed that there are several definitions for related concepts
such as “biquaternions” and “pseudo-” or “generalized-” quaternions. As is ex-
plained in our paper on notations and terminology, Ref. [3] of Chap. 2, we remain
as much possible consistent with Hamilton’s original definitions. For example,
just like quaternions will always be elements x ∈ H, the term biquaternion will
always refer to Hamilton’s complexified quaternions (i.e., x ∈ B), and not to
Cayley’s (which are now called “octonions,” x ∈ O), or to Clifford’s (which are
in a way an anticipation of Penrose’s “twistors”).2
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to B, whereas Cℓ0,3 and Cℓ2,1 are Clifford’s misnamed “biquaternions.”
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Mathematical aspects of relativistics, i.e., relativity theory, and mathematical meth-
ods associated with that theory. Papers dealing with specific applications to fields
and physics are collected in Chaps. 5 and 6.
The exception to this rule is Sec. 4.6 on general relativity theory which does not
allow for such a separation since according to it gravitation is a purely geometrical
effect.
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or Euclidian four-space, including discrete transformations.
See also ELECTRODYNAMICS, Sec. 6.4, in particular for the seminal papers
of A.W. Conway and L. Silberstein.
1. F. Klein, Uber die geometrischen Grundlagen der Lorentzgruppe, Phys.
Zeitschr. 12 (1911) 17–27.
2. L. Silberstein, The Theory of Relativity (MacMillan, 1914) 295 pp.
3. C. Cailler, Sur quelques formules de la the´orie de la relativite´, Arch. Sci.
Phys. Nat. Gene`ve 44 (1917) 237–255.
4. F.L. Hitchcock, An analysis of rotations in Euclidean four-space by sede-
nions, J. of Math. and Phys. 9 (1930) 188–193.
5. J.A. Schouten, Die Darstellung der Lorentzgruppe in der komplexen E2
abgeleitet aus den Diracschen Zahlen, Proc. Royal Acad. Amsterdam 38
(1930) 189–197.
6. N. Rosen, Note on the general Lorentz transformation, J. of Math. and Phys.
9 (1930) 181–187.
7. F.W. Sohon, Rotation and perversion groups in Euclidean space of four
dimensions, J. of Math. and Phys. 9 (1930) 194–260.
8. E. Guth, Einfache Ableitung der Darstellung der orthogonalen Transfor-
mationen in drei und vier reellen Vera¨nderlichen durch Quaternionen, Anz.
Akad. Wiss. Wien 70 (1933) 207–210.
41
9. A. Mercier, Application des nombres de Clifford a` l’e´tablissement du the´ore`me
de relativite´ de Lorentz, Helv. Phys. Acta 7 (1934) 649–650.
10. G. Juvet, Les rotations de l’espace Euclidien a` quatre dimensions, leur
expression au moyen des nombres de Clifford et leurs relations avec la
the´orie des spineurs, Comm. Math. Helv. 8 (1935/1936) 264–304.
11. A. Sommerfeld, Uber die Klein’schen Parameter α, β, γ, δ und ihre Bedeu-
tung fu¨r die Dirac-Theorie, Sitz. Akad. Wissensch. Wien, IIa 145 (1936)
639–650. Reproduced in: A. Sommerfeld, Gesammelte Schrieften, Band
IV (Friedr. Vieweg, Braunschweig, 1968).
12. H.S.S. Rao, Eulerian parameters and Lorentz transformations, Proc. Indian
Acad. Sci. 7 (1938) 339-342.
13. O.F. Fischer, Lorentz transformation and Hamilton’s quaternions, Phil.
Mag. 30 (1940) 135–150.
14. P.A.M. Dirac, Application of quaternions to Lorentz transformations, Proc.
Roy. Irish Acad. A 50 (1945) 261–270.
15. H.S.M. Coxeter, Quaternions and reflections, Amer. Math. Monthly 53
(1946) 136–146.
16. F. Gu¨rsey, Contribution to the quaternion formalism in special relativity,
Rev. Fac. Sci. Istanbul A 20 (1956) 149–171.
17. A.W. Conway, Applications of quaternions to rotations in hyperbolic space
of four dimensions, Proc. Roy. Soc. A 191 (1947) 137–145.
18. C. Lanczos, The Variational Principles of Mechanics (Dover, New-York,
1949, 1986) 418 pp. Quaternions pages 303–314.
19. C.C. MacDuffee, Orthogonal matrices in four-space, Can. J. Math. 1
(1949) 69–72.
20. J. Lambek, Biquaternion vector fields over Minkowski space, Thesis (McGill
University, 1950).
21. E.J. Schremp, On the interpretation of the parameters of the proper Lorentz
group, Proceedings of the 1950 International Congress of Mathematicians
(Cambridge, Massachusetts, 1950) Vol. I, p. 654–655.
22. H. Wagner, Zur mathematischen Behandlung von Spiegelungen, Optik 8
(1951) 456–472.
42
23. E.J. Schremp, On the geometry of the group-space of the proper Lorentz
group, Phys. Rev. 85 (1952) 721.
24. M.J. Walker, Quaternions as 4-Vectors, Am. J. Phys. 24 (1956) 515–522.
25. R. Jost, Eine Bemerkung zum CTP-Theorem, Helv. Phys. Acta 30 (1957)
409–416.
26. P. Jordan, Uber die Darstellung der Lorentzgruppe mit Quaternionen, in:
Werner Heisenberg und die Physik unsere Zeit (Braunschweig, 1961) 84–89.
27. A.J. Macfarlane, On the restricted Lorentz group and groups homomorphi-
cally related to it, J. Math. Phys. 3 (1962) 1116–1129.
28. A.O. Barut, Analyticity, complex and quaternionic Lorentz groups and in-
ternal quantum numbers, in: W.E. Brittin and A.O. Barut, eds., Lect. in Th.
Phys. 7A, Lorentz Group (University of Colorado, Boulder, 1965) 121–131.
29. J. Ehlers, W. Rindler, and I. Robinson, Quaternions, bivectors, and the
Lorentz group, in: B. Hoffmann, ed., Perspectives in Geometry and Rela-
tivity (Indiana University Press, Bloomington, 1966) 134–149.
30. A. Kyrala, Four-dimensional vector analysis, Chapter 8 of Theoretical
Physics: Applications of Vectors, Matrices, Tensors and Quaternions (W.B.
Saunders, Philadelphia, 1967) 374 pp.
31. M. Sachs, A resolution of the clock paradox, Phys. Today (September 1971)
23–29.
32. W.A. Newcomb, Quaternionic clocks and odometers, Lawrence Livermore
Laboratory report UCRL-74016 (5 July 1972) 25 pp.
33. J.L. Synge, Quaternions, Lorentz transformations, and the Conway-Dirac-
Eddington matrices, Communications of the Dublin Institute for Advanced
Studies A 21 (1972) 67 pp.
34. R. Mignani, Quaternionic form of superluminal Lorentz transformations,
Nuov. Cim. Lett. 13 (1975) 134–138.
35. K. Imaeda, On “quaternionic form of superluminal transformations,” Nuov.
Cim. Lett. 15 (1976) 91–92.
36. R.W. Hartung, Pauli principle in Euclidean geometry, Am. J. Phys. 47
(1979) 900–910.
43
37. K. Imaeda, Quaternionic formulation of tachyons, superluminal transfor-
mations and a complex space-time, Nuov. Cim. 50 B (1979) 271–293.
38. W.E. Baylis, Special relativity with 2× 2 matrices, Am. J. Phys. 48 (1980)
918–925.
39. M.T. Teli, Quaternionic form of unified Lorentz transformations, Phys. Lett.
A75 (1980) 460–462.
40. L.C. Biedenharn and J.D. Louck, The theory of turns adapted from Hamilton,
in: G.-C. Rota, ed., Encyclopedia of Mathematics and its Applications
(Addison-Wesley, Reading, 1981) Vol. 8, Chap. 4, 180–204.
41. K.N.S. Rao, D. Saroja, and A.V.G. Rao, On rotations in a pseudo-Euclidian
space and proper Lorentz transformations, J. Math. Phys. 22 (1981) 2167–
2179.
42. K.N.S. Rao, A.V.G. Rao, and B.S. Narhari, On the quaternion representation
of the proper Lorentz group SO(3,1), J. Math. Phys. 24 (1983) 1945–1954.
43. C.B. vanWyk, Rotation associated with the product of two Lorentz transfor-
mations, Am. J. Phys. 52 (1984) 853–854.
44. C.B. vanWyk, General Lorentz transformations and applications, J. Math.
Phys. 27 (1986) 1306–1310.
45. C.B. vanWyk, Lorentz transformations in terms of initial and final vectors,
J. Math. Phys. 27 (1986) 1311–1314.
46. W.E. Baylis and G. Jones, Special relativity with Clifford algebras and 2×2
matrices, and the exact product of two boosts, J. Math. Phys. 29 (1988)
57–62.
47. W.E. Baylis, The Pauli-algebra approach to special relativity, Nucl. Phys.
B (Proc. Suppl.) 6 (1989) 129–131.
48. W.E. Baylis, The Pauli-algebra approach to special relativity, J. Phys. A:
Math. Gen. 22 (1989) 1–15.
49. C.S. Sharma, Representations of the general Lorentz group by 2×2matrices,
Nuov. Cim. B 103 (1989) 431–434.
50. I. Abonyi, J.F. Bito, and J.K. Tar, A quaternion representation of the Lorentz
group for classical physical applications, J. Phys. A 24 (1991) 3245–3254.
44
51. J.R. Zeni and W.A. Rodrigues, Jr., A thoughtful study of Lorentz transfor-
mations by Clifford algebras, Int. J. Mod. Phys. 7 (1992) 1793–1817.
52. J.D. Louck, From the rotation group to the Poincare´ group, in: B. Gruber,
ed., Symmetries in Science VI (Plenum, New-York, 1993) 455–468.
53. C.A. Manogue and J. Schray, Finite Lorentz transformations, automor-
phisms, and division algebras, J. Math. Phys. 34 (1993) 3746–3767.
54. I.S. Reed, Generalized de Moivre’s theorem, quaternions, and Lorentz trans-
formations on a Minkowski space, Linear Alg. and its Appl. 191 (1993)
15–40.
55. F. Reuse and J. Keller, Construction of a faithful vector representation of
the Newtonian description of space-time and the Galilei group, Adv. Appl.
Clifford Alg. 3 (1993) 55–74.
56. S. DeLeo, Quaternions and special relativity, J. Math. Phys. 37 (1996)
2955–2968.
57. A.P. Yefremov, Quaternionic relativity. I. Inertial motion, Gravit. & Cos-
mology 2 (1996) 77–83.
58. A.P. Yefremov, Quaternionic relativity. II. Non-inertial motion, Gravit. &
Cosmology 2 (1996) 335–341.
59. E. Conte, On the generalization of the physical laws by biquaternions: an
application to the generalization of Minkowski space-time, Physics Essays
10 (1997) 437–441.
60. H. Kru¨ger, The electron as a self-interacting point charge. Classification
of lightlike curves in spacetime under the group of SO(1,3) motions, Adv.
Appl. Clifford Alg. 7 (S) (1997) 145–162.
61. W. Rindler and I. Robinson, A plain man’s guide to bivectors, biquaternions,
and the algebra and geometry of Lorentz transformations, in: A. Harvey, ed.,
On Einstein’s Path — Essays in Honor of Engelbert Schucking (Springer,
New York, 1999) 407–433.
62. W.M. Pezzaglia, Jr., Dimensionally democratic calculus of polydimensional
physics, in: R. Ablamowicz and B. Fauser, eds., Clifford Algebra and
their Applications in Mathematical Physics, Vol. 1: Algebra and Physics
(Birkha¨user, Boston, 2000) 101–123.
45
63. F.M. Piazzese, A Pythagorean metric in relativity, in: R. Ablamowicz and
B. Fauser, eds., Clifford Algebra and their Applications in Mathematical
Physics, Vol. 1: Algebra and Physics (Birkha¨user, Boston, 2000) 126–133.
64. S. DeLeo, Quaternionic Lorentz group and Dirac equation, Found. Phys.
Lett. 14 (2001) 37–50.
65. C.C. Silva and R. de Andrade Martins, Polar and axial vectors versus
quaternions Am. J. Phys. 70 (2002) 958–963.
66. P.R. Girard, Quaternions, Alge`bre de Clifford et Physique Relativiste (Presses
Polytechniques et Universitaires Romandes, Lausanne, 2004) 165 pp.
67. C. Castro and M. Pavsic, The extended relativity theory in Clifford spaces:
reply to a review by W.A. Rodrigues, Jr., Prog. in Phys. 3 (2006) 27–29.
68. V. Majernick, Quaternion formulation of the Galilean space-time transfor-
mation, Acta. Phys. Slovaca 56 (2006) 9–14.
69. V. Christianto and F. Smarandache, Reply to “Notes on Pioneer anomaly
explanation by satellite-shift formula of quaternion relativity”, Prog. in
Phys. 3 (2007) 24–26.
70. P.R. Girard, Quaternions, Clifford Algebras and Relativistic Physics (Birkhauser,
Basel, 2007) 179 pp.
71. D. Saa, Fourvector algebra (2007) 24 pp.; e-print arXiv:0711.3220 .
4.2 CONFORMALITY
Mostly mathematical papers dealing with conformal-transformations and conformal-
invariance in hyperbolic four-space.
See also TWISTOR, Sec. 4.5.
1. R. Fueter, Ueber automorph Funktionen der Picard’schen Gruppe I, Comm.
Math. Helv. 3 (1931) 42–68.
2. R. Fueter, Formes d’Hermite, groupe de Picard et the´orie des ideaux de
quaternions, C. R. Acad. Sci. Paris. 194 (1932) 2009–2011.
3. S. Wachs, Essai sur la ge´ome´trie projective quaternionienne, Me´moires de
l’Acad. Royale de Belgique — classe des sciences 15 (1936) 134 pp.
46
4. H. Haefeli, Quaternionengeometrie und das Abbildungsproblem der regula¨ren
Quaternionenfunktionen, Comm. Math. Helv. 17 (1944) 135–164.
5. P.G. Gormley, Stereographic projection and the linear fractional group
transformations of quaternions, Proc. Roy. Irish Acad. A 51 (1947) 67–85.
6. F. Gu¨rsey, On some conform invariant world-lines, Rev. Fac. Sci. Univ.
Istanbul A 21 (1956) 129–142.
7. W.A. Hepner, The inhomogeneous Lorentz group and the conformal group,
Nuovo. Cimento 26 (1962) 351–367.
8. K.E. Bakkesa-Swamy and M. Nagaraj, Conformality, differentiability, and
regularity of quaternion functions, J. Indian Math. Soc. 47 (1983) 21–30.
9. T. Onder, Non-existence of almost-quaternion substructures on the complex
projective space, Can. Math. Bull. 28 (1985) 231–232.
10. D. Hestenes, Universal Geometric Algebra, SIMON STEVIN, A Quarterly
Journal of Pure and Applied Mathematics 62 (1988) 15 pp.
11. D.C. Robinson, Four-dimensional conformal and quaternionic structures,
J. Math. Phys. 32 (1991) 1259–1262.
12. J.B. Wilker, The quaternion formalism for Mo¨bius groups in four or fewer
dimensions, Linear Algebra and its Appl. 190 (1993) 99–136.
13. J. Ryan, Some applications of conformal covariance in Clifford analysis,
Chap. 4 in: J.Ryan, ed., Clifford Algebras in Analysis and Related Topics,
Studies in Adv. Math (CRC Press Boca Raton, 1994) 129–156.
14. J. Ryan, The Fourier transform on the sphere, in: G. Gentili et al., Proc. of
the Meeting on Quaternionic Structures in Mathematics and Physics (SISSA,
Trieste, 1994) 247–258.
15. M. Wada and O. Kobayashi, The Schwarzian and Mo¨bius transformations
in higher dimensions, in: J. Ryan and W. Spro¨ssig, eds., Clifford Algebra
and their Applications in Mathematical Physics, Vol. 2: Clifford Analysis
(Birkha¨user, Boston, 2000) 239–246.
16. J.M. Pozo and G. Sobczyk, Realizations of the conformal group, in: E.B.
Corrochano and G. Sobczyk, eds., Geometric Algebra with Applications in
Science and Engineering (Birkhauser, Boston, 2001) 43–59.
17. S. Ivanov and D. Vassilev, Conformal quaternionic contact curvature and
the local sphere theorem (2007) 30 pp.; e-print arXiv:0707.1289 .
47
4.3 TENSOR
Relations between quaternions and tensors.
1. W.J. Johnston, A quaternion substitute for the theory of tensors, Proc. Roy.
Irish Acad. A 37 (1926) 13–27.
2. H.S. Ruse, On the geometry of Dirac’s equations and their expression in
tensor form, Proc. Roy. Soc. Edinburgh 57 (1936/1937) 97–127.
3. E.T. Whittaker, On the relations of the tensor-calculus to the spinor-calculus,
Proc. Roy. Soc. A 158 (1937) 38–46.
4. C.W. Kilmister, The application of certain linear quaternion functions of
quaternions to tensor analysis, Proc. Roy. Irish Acad. A 57 (1955) 37–52.
4.4 SPINOR
Relations between quaternions and spinors.
1. O. Veblen, Geometry of two-component spinors, Proc. Natl. Acad. Sci. 19
(1933) 462–474.
2. O. Veblen, Geometry of four-component spinors, Proc. Natl. Acad. Sci. 19
(1933) 503–517.
3. O. Veblen, Spinors in projective relativity, Proc. Natl. Acad. Sci. 19 (1933)
979–999.
4. A. Mercier, Beziehungen zwischen des Clifford’schen Zahlen und den Spinoren,
Helv. Phys. Acta 14 (1941) 565–573.
5. W.T. Payne, Elementary spinor theory, Am. J. Phys. 20 (1952) 253–262.
6. W.T. Payne, Spinor theory and relativity I, Am. J. Phys. 23 (1955) 526–536.
7. F. Gu¨rsey, Correspondence between quaternions and four-spinors, Rev. Fac.
Sci. Istanbul A 21 (1956) 33–54.
8. Marcel Riesz, Clifford numbers and spinors, Lect. Series No 38 (Inst. for
Fluid Dynamics and Appl. Math, Univ. Maryland, 1958). Reprinted in:
M. Riesz, E.F. Bolinder and P. Lounesto, ed., Clifford Numbers and Spinors
(Kluwer, Dordrecht, 1993) 245 pp.
48
9. W.T. Payne, Spinor theory and relativity II, Am. J. Phys. 27 (1959) 318–328.
10. R. Penrose, Null hypersurface initial data for classical electrodynamics in:
P.G. Bergmann’s Aeronautical Res. Lab. Tech. Documentary Rept. 63–56;
Reprinted in: Gen. Relat. & Grav. 12 (1980) 225–264.
11. J.R. Ellis, A spinor approach to quaternion methods in relativity Proc. Roy.
Irish Acad. A 64 (1966) 127–142.
12. S. Teitler, The structure of 4-spinors, J. Math. Phys. 7 (1966) 1730–1738.
13. A. Crumeyrolle, Structure spinorielles, Ann. Inst. H. Poincare´ A11 (1969)
19–55.
14. A. Crumeyrolle, Groupes de spinoralite´, Ann. Inst. H. Poincare´ A14 (1971)
309–323.
15. D. Hestenes, Vectors, spinors, and complex numbers in classical and quan-
tum physics, Am. J. Phys. 39 (1971) 1013–1027.
16. P. delaHarpe, The Clifford algebra and the spinor group of a Hilbert space,
Compositio Mathematica 25 (1972) 245–261.
17. E.D. Bolker, The spinor spanner, Amer. Math. Monthly 80 (1973) 977–984.
18. K. Bugajska, Spinor structure of space-time, Int. J. Theor. Phys. 18 (1979)
77–93.
19. P. Lounesto, Sur les ide´aux a` gauche des alge`bres de Clifford et les produits
scalaires des spineurs, Ann. Inst. Henri Poincare´ 33 (1980) 53–61.
20. P. Lounesto, Scalar products of spinors and an extension of Brauer-Wall
groups, Found. Phys. 11 (1981) 72100740.
21. T. Kugo and P. Townsend, Supersymmetry and the division algebras, Nucl.
Phys. B 221 (1983) 357–380.
22. V.L. Figueiredo, E. Capelas de Oliviera, and W.A. Rodrigues Jr., Covariant,
algebraic, and operator spinors, Int. J. Theor. Phys. 29 (1990) 371–395.
23. R. Delanghe, F. Sommen ,and V. Soucek, Clifford algebra and spinor-valued
functions, Mathematics and its Appl. 53 (Kluwer, Dordrecht, 1992) 485 pp.
24. S.A. Basri and A.O. Barut, Spinors, the Dirac formalism, and correct com-
plex conjugation, J. Modern. Phys. A 8 (1993) 3631–3648.
49
25. P. Lounesto, Clifford algebras and Hestenes spinors, Found. of Phys. 23
(1993) 1203–1237.
26. P. Lounesto, Marcel Riesz’s work on Clifford algebras, in: M. Riesz, E.F.
Bolinder and P. Lounesto, ed., Clifford Numbers and Spinors (Kluwer,
Dordrecht, 1993) 215–241.
27. A.H. Norton, Spinors and entanglement, The Mathematica Journal 5, Issue
2 (1995) 24–27.
28. W.A. Rodrigues, Jr., and Q.A.G. de Souza, Dirac-Hestenes spinor fields on
Riemann-Cartan manifolds, Int. J. Th. Phys. 35 (1996) 1849–1900.
29. W.E. Baylis, Eigenspinors and electron spin, Adv. Appl. Clifford Alg. 7
(S) (1997) 197–213.
30. J.J. Hamilton, Hypercomplex numbers and the prescription of spin states, J.
Math. Phys. 38 (1997) 4914–4928.
31. P. Lounesto, Clifford Algebras and Spinors (Cambridge Univ. Press, Cam-
bridge, 1997) 306 pp.
32. G. Kamberov, P. Norman, F. Pedit, and U. Pinkall, Surfaces, quaternions,
and spinors (American Mathematical Society, 2003) 150 pp.
33. P. Angles, Structure spinorielle associe´e a` un espace vectoriel quaternion-
ien a` droite E sur H, muni d’une forme sesquiline´aire b non de´ge´ne´re´e
H-antihermitienne (Spin-structures over n-dimensional skew-Hermitian H-
spaces), Adv. Appl. Clifford Alg. 15 (2005) 291–316.
4.5 TWISTOR
Twistors may be regarded as spinors of the O(4, 2) group, which is two-to-one
isomorphic with the full 15-parameter conformal group in Minkowski space,
including the full Poincare´ group. As 8-dimensional points in complexified
space-time, twistors are able to encode angular-momentum/spin in addition to
position/translation. They were introduced by Roger Penrose as possibly more
fundamental physical objects than 4-dimensional points in Minkowski space-time.
1. R. Penrose, Twistor algebra, J. Math. Phys. 8 (1967) 345–366.
2. R. Penrose, Twistor quantization and curved space-time, Int. J. Theor. Phys.
1 (1968) 61–99.
50
3. R. Penrose, Twistor theory: an approach to the quantisation of fields and
space-time, Phys. Rep. 6 (1972) 241–316.
4. E.A. Lord, Generalized quaternion methods in conformal geometry, Int. J.
Theor. Phys. 13 (1975) 89–102.
5. Z. Perjes, Twistor variables of relativistic mechanics, Phys. Rev. D 11
(1975) 2031–2041.
6. R.S. Ward, On self-dual gauge fields, Phys. Lett. 61A (1977) 81–82.
7. R. Ablamowicz, Z. Oziewicz, and J. Rzewuski, Clifford algebra approach
to twistors, J. Math. Phys. 23 (1982) 231–242.
8. V. Soucek, Complex-quaternions, their connection to twistor theory, Czech.
J. Phys. B 32 (1982) 688–691.
9. J.F. Glazebrook, The construction of a class of harmonic maps to quater-
nionic projective-space, J. London Math Soc. 30 (1984) 151–159.
10. R. Penrose, Twistors, particles, strings and links, in: D.G. Quillen et al.,
eds., The Interface of Mathematics and Particle Physics (Clarendon Press,
Oxford, 1990) 49–58.
11. R.J. Baston, Quaternionic complexes, J. Geom. Phys. 8 (1992) 29–52.
12. G.J. Cardoso, Twistors-diagram representation of mass-scattering integral
expressions for Dirac fields, Acta Phys. Pol. B 23 (1992) 887–906.
13. A. Fujiki, Nagata threefold and twistor space, in: G. Gentili et al., Proc. of
the Meeting on Quaternionic Structures in Mathematics and Physics (SISSA,
Trieste, 1994) 139–146.
14. A. Moroianu and U. Semmelmann, Ka¨hlerian Killing spinors, complex
contact structures and twistor spaces, in: G. Gentili et al., Proc. of the
Meeting on Quaternionic Structures in Mathematics and Physics (SISSA,
Trieste, 1994) 197–202; This note has appeared in C. R. Acad. Sci. Paris
Ser. I Math. 323 (1996) 57–61.
15. J. Keller, Spinors, twistors, screws, mexors, and the massive spinning elec-
tron, Adv. Appl. Clifford Alg. 7 (S) (1997) 439–455.
16. A.R. Gover and J. Slovak, Invariant local twistor calculus for quaternionic
structures and related geometries, J. Geom. Phys. 32 (1999) 14–56.
51
17. R. Penrose, Some remarks on twistor theory, in: A. Harvey, ed., On Ein-
stein’s Path — Essays in Honor of Engelbert Schucking (Springer, New
York, 1999) 353–366.
18. D.V. Alekseevsky, S. Marchiafava, and M. Pontecorvo, Spectral properties
of the twistor fibration of a quaternion Ka¨hler manifold, J. Math. Pures
Appl. 79 (2000) 95–110.
19. A. Bette, Twistor approach to relativistic dynamics and to Dirac equation
— A review, in: R. Ablamowicz and B. Fauser, eds., Clifford Algebra and
their Applications in Mathematical Physics, Vol. 1: Algebra and Physics
(Birkha¨user, Boston, 2000) 75–92.
20. A. Bette, Twistor dynamics of a massless spinning particle, Int. J. Theor.
Phys. 40 (2001) 377–385.
21. J. Lawrynowicz and O. Suzuki, An introduction to pseudotwistors basic
constructions, in: S. Marchiafava et al., eds., Proceedings of the 2nd meeting
on “Quaternionic structures in mathematics and physics” (World Scientific,
Singapore, 2001) 241–251.
22. Y. Nagatomo, Generalized ADHM-construction on Wolf spaces, in: S.
Marchiafava et al., eds., Proceedings of the 2nd Meeting on Quaternionic
Structures in Mathematics and Physics (World Scientific, Singapore, 2001)
285–293.
23. A.F. Agnew, The twistor structure of the biquaternionic projective point,
Adv. Appl. Clifford Alg. 13 (2003) 231–240.
24. G. Esposito, From spinor geometry to complex general relativity, Int. J.
Geom. Meth. Mod. Phys. 2 (2005) 675–731; e-print arXiv:hep-th/0504089 .
25. V.V. Kassandrov, Twistor algebraic dynamics in complex space-time and
physical meaning of hidden dimensions, in: M.C.Duffy et al., eds., Proc. of
the Int. Conf. on the Physical Interpretation of Relativity Theory, PIRT-05
(Bauman Univ. Press, Moscow, 2005) 42–53; e-print arXiv:gr-qc/0602064.
26. R. da Rocha and J. Vaz Jr., Conformal structures and twistors in the par-
avector model of spacetime, Int. J. Geom. Meth. Mod. Phys. 4 (2007)
547–576; e-print arXiv:math-ph/0412074 .
52
4.6 GENERAL-RELATIVITY
Papers on general relativity, and papers in which fields (e.g., Dirac, Maxwell) are
expressed in curved space-time.
1. J. Larmor, On generalized relativity in connection with W.J. Johnston’s
symbolic calculus, Proc. Roy. Soc. A 96 (1919) 334–363.
2. Th. DeDonder et Y. Dupont, Ge´ne´ralisation relativiste des equations de
Dirac, Bull. de l’Acad. Roy. de Belg. Cl. Sc. 18 (1932) 596–602.
3. Th. DeDonder et Y. Dupont, Ge´ne´ralisation relativiste des equations de
Dirac (2), Bull. de l’Acad. Roy. de Belg. Cl. Sc. 19 (1933) 472–478.
4. Th. DeDonder et Y. Dupont, Ge´ne´ralisation relativiste des equations de
Dirac (3), Bull. de l’Acad. Roy. de Belg. Cl. Sc. 19 (1933) 593–598.
5. K. Go¨del, An example of a new type of cosmological solutions of Einstein’s
field equations of gravitation, Rev. Mod. Phys. 21 (1949) 447–450.
6. R.L. Ingraham, Spinor relativity, Nuovo Cim. 10 (1953) 27-41.
7. F. Gu¨rsey, General relativistic interpretation of some spinor wave equations,
Nuov. Cim. 5 (1957) 154–171.
8. R. Penrose, A spinor approach to general relativity, Ann. Phys. 10 (1960)
171–201.
9. C. Lanczos, The splitting of the Riemann tensor, Rev. Mod. Phys. 34 (1962)
379–389. Reprinted in: W.R. Davis et al., eds., Cornelius Lanczos collected
published papers with commentaries IV (North Carolina State University,
Raleigh NC, 1998) 2-1896 to 2-1906.
10. P. Rastall, Quaternions in relativity, Rev. Mod. Phys. 36 (1964) 820–832.
11. F.A. Doria, Equations for a spin-two field from a Dirac-like equation, Nuovo
Cim. 7 (1973) 153–154.
12. J.D. Edmonds, Jr., Hypermass generalization of Einstein’s gravitation the-
ory, Int. J. Th. Phys. 7 (1973) 475–482.
13. J.D. Edmonds, Jr., Quaternion wave equations in curved space-time, Int. J.
Th. Phys. 10 (1974) 115–122.
53
14. J.D. Edmonds, Jr., Five- and eight-vectors extensions of relativistic quantum
theory: the preferred reference frame, Int. J. Th. Phys. 10 (1974) 273–290.
15. A. Crumeyrolle, Une théorie de Einstein-Dirac en spin maximum 1, Ann.
Inst. H. Poincare´ A22 (1975) 43–41.
16. F.A. Doria, A Weyl-like equations for the gravitational field, Nuovo Cim.
147 (1975) 480–482.
17. J.W. Gallop, Outline of a classical theory of quantum physics and gravita-
tion, Int. J. Theor. Phys. 14 (1975) 237–275.
18. J.D. Edmonds, Jr., Generalized quaternion formulation of relativistic quan-
tum theory in curved space, Found. Phys. 7 (1977) 835–879.
19. B.P. Dolan, Quaternionic metrics and SU(2) Yang-Mills, J. Phys. A: Math.
Gen. 15 (1982) 2191–2200.
20. M. Sachs, General Relativity and Matter (Reidel, Dordrecht, 1982) 208 pp.
21. A. Singh, On the quaternionic form of linear equations for the gravitational
field, Nuov. Cim. Lett. 33 (1982) 457–459.
22. K. Morita, Quaternionic formulation of Dirac theory in special and general
relativity, Prog. Th. Phys. 70 (1983) 1648–1665.
23. F. Gu¨rsey and H.C. Tze, Quaternion analyticity and conformally Ka¨hlerian
structures in Euclidian gravity, Lett. Math. Phys. 8 (1984) 387–395.
24. R.B. Mann, Q-gravity, Nucl. Phys. 39 (1984) 481–492.
25. D. Hestenes, Curvature calculations with spacetime algebra, Int. J. Theor.
Phys. 25 (1986) 581–588.
26. D. Hestenes, Spinor approach to gravitational motion and precession, Int.
J. Theor. Phys. 25 (1986) 589–598.
27. S. Marques, A new way to interpret the Dirac equation in a non-Riemannian
manifold, Preprint CBPF-NASA/Fermilab (1991) 4 pp.
28. H. Pedersen, Y.S. Poon, and A. Swann, The Einstein-Weyl equations in
complex and quaternionic geometry, Differ. Geom. Appl. 3 (1993) 309–
321.
29. W.A. Rodrigues, Jr., and Q.A.G. deSouza, The Clifford bundle and the nature
of the gravitational field, Found. Phys. 23 (1993) 1465–1490.
54
30. D. Kastler, The Dirac operator and gravitation, Comm. Math. Phys. 166
(1995) 633–643.
31. V.V. Kassandrov, Algebrodynamics in complex space-time and the complex-
quaternionic origin of Minkowski geometry, Gravit. & Cosmol. 11 (2005)
354–358; e-print arXiv:gr-qc/0405046.
32. S. Ulrych, Gravitoelectromagnetism in a complex Clifford algebra, Phys.
Lett. B 633 (2006) 631–635; e-print arXiv:gr-qc/0602018 .
5 FIELDS
This chapter contains papers related to classical (i.e., “non-quantized”) fields which
have a stronger emphasis on mathematics and theory than physics and applications.
Papers in which fields are expressed in curved space-time are collected in
Sec. 4.6.
Papers dealing with specific applications are collected in Chap. 6 or 7. For
example, Sec. 5.2 in the present chapter contains theoretical papers on Dirac’s
equation and field, while Sec. 7.1 contains papers in which Dirac’s equation is
applied to atomic physics.
The use of biquaternions naturally implies formulations in which Minkowski’s
metric and Einstein’s relativity are automatically implemented. However, papers
in which Galilean relativity and non-relativistic limits are considered can also
be written using quaternions or biquaternions in such a way that the relations to
Minkowski’s metric and Einstein’s relativity are hidden or lost. For example,
Pauli’s equation for a non-relativistic spin 1
2
field can be written as a purely real
quaternion equation. Such papers are also collected in this chapter.
5.1 SPIN-1 (MAXWELL, PROCA)
This section contains papers on Maxwell’s and Proca’s equations and fields, as
well as papers on spin 0 fields when they are discussed in conjunction with spin 1
fields.
Applications are in sections ELECTRODYNAMICS and QUANTUM-ELEC-
TRODYNAMICS, i.e., Secs. 6.4 and 7.2.
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See also ELECTRODYNAMICS, Sec. 6.4, for the seminal papers of A.W.
Conway and L. Silberstein.
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6 PHYSICS
This chapter contains papers in which the quaternion formalism and quaternion
methods are applied to physics, with an emphasis on applications of a fundamental
rather than practical character.
However, papers in which quaternions are applied to GENERAL-RELATIVITY
are in Chap. 4 on “relativistics,” and papers in which quaternions are applied to
QUANTUM-PHYSICS are in Chap. 7 on “quantics.”
Moreover, as was explained in Chap. 2, the bibliography also includes se-
lected papers in which a formalism allied to quaternions is used (e.g., semivectors
or Clifford numbers), especially if these papers could have been written using
quaternions rather than the closely related formalism.
On the other hand, the numerous papers which use a standard tensor or ma-
trix formalism (e.g., the Pauli- or Dirac-matrices, and the corresponding two- or
four-component formalisms) are excluded from the bibliography. The reason for
68
this exclusion is conceptual rather than conventional (because Pauli’s matrices are
actually very closely related to Hamilton’s quaternion units). The reason is that
the emphasis of standard formalisms is on the vector-space structure supported
by them, while the emphasis of the biquaternion formalism is on the full alge-
braic structure (vector-space and multiplication ring) provided by the biquaternion
algebra.
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by Pauli himself) correspond to cases in which their use is essentially equivalent
to that of biquaternions due to the isomorphism B ≡ M2(C).
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8 ALLIED FORMALISMS
This chapter contains papers on algebraic formalisms that are closely related
to quaternions and biquaternions, either because they are essentially equivalent
to them (e.g., Einstein-Mayer’s semivectors) or a generalization of them (e.g.,
Clifford numbers).
However, this chapter covers only the major formalisms allied to quaternions,
i.e., only those which have gained some level of popularity, and not the many
formalisms that have been, and continue to be, introduced.
Since these formalisms have been invented after the discovery of quaternions,
the related sections are listed in the historical order in which they were introduced.3
8.1 OCTONION (“Cayley’s numbers”)
Octonions were independently discovered, first in 1843 a few months after the
discovery of quaternions by Charles Grave (who called them “octaves”), and then
in 1845 by Arthur Cayley (who called them “biquaternions”).
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3For an historical account, see Ref. [40] in Sec. 9.1.
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8.4 EDDINGTON (“Eddington numbers”)
The “E-numbers” introduced by Arthur S. Eddington in 1928 are equivalent to
elements of the algebra of the Dirac matrices, i.e., to elements of the Clifford
algebra Cℓ4,1. Eddington’s formalism corresponds to the first use of Clifford
numbers in relation to Dirac’s theory.
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8.5 SEMIVECTOR (“Einstein-Mayer’s spinors”)
Semivectors were introduced in 1932 by Einstein and his assistant Walter Mayer,
possibly in reaction to the work on Dirac’s equation by his previous assistant,
Cornelius Lanczos. Einstein-Mayer’s formulation of Dirac’s equation is based
on 4 × 4 matrices which in flat spacetime reduces to Lanczos’s biquaternionic
formulation.
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8.6 HESTENES (“Hestenes’s space-time algebra”)
Hestenes’s 16-dimensional “space-time algebra” formalism (based on the Clifford
algebra Cℓ1,3) was designed in 1966 to provide a substitute for the standard 32-
dimensional Dirac formalism (equivalent to the Clifford algebra Cℓ4,1) such that
all references to complex numbers are avoided.
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9.1 HISTORY and APPRECIATION
Historical papers on quaternions and on Hamilton (1805-1865), as well as some
appreciations of quaternions and Hamilton’s devotion to them.
Historical papers on algebras in general.
The historical papers on specific formalisms allied to quaternions are in the
respective sections of Chap. 8.
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3. J.R. McConnell, ed., Selected Papers of Arthur William Conway (Dublin
Institute for Advanced Studies, 1953) 222 pp.
4. A. Gsponer and J.-P. Hurni, Quaternion bibliography: 1843–1993. Report
ISRI-93-13 (17 June 1993) 35 pp. This is the first version of the present
bibliography, with 228 entries.
5. T.A. Ell, Bibliography (Last changed 1/11/05) about 40 pp.; available in
HTML at http://home.att.net∼t.a.ell/QuatRef.htm .
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10 Conventions used in the bibliog-
raphy
10.1 Conventions for the TEX citation-label
The TEX citation-label has always 10 characters, i.e.:
LASTN1234- or LASTN1234X ,
were LASTN are the 5 first characters of the last name, “1234” the four-digit year,
and “X” is A, B, C, ..., Z if there are more than one reference for the author in that
year.
If the author last name has less that 5 characters, the missing characters are
replaced by “-”s.
N.B.: In the case where different authors have the same last name the 10th
character (i.e., “-”) will be used to remove possible ambiguities that may arise in
a given year.
10.2 Conventions for the references’s "style"
Authors: Only first character of first-names. Ex: P.A.M. Dirac.
Composite last-names are concatenated: De Broglie→ DeBroglie.
Two authors: Use “and” between their names.
Three or more authors: Use “, and” before the last author in the list.
Book titles: Capitalize First Letter of Each Word. Normal characters.
Article titles: Capitalize only first letter of first word. Italic characters.
Editor(s): Use “ed.” or “eds.”
Latin: Use only unambiguous combinations such as: “et al.”, “ibid.”, ‘in:”...
Volume numbers: Bold characters.
No other bold symbol should appear anywhere in the bibliography file.
Number of pages in a book: “123 pp.” (Non-break space: “∼” in TEX.)
First and last pages of article: “123–456" (Medium dash: “- -” in TEX.)
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Examples of typical references are given in Sec. 10.6.
10.3 Internet URLs and arXiv.org links
In order that they are properly processed by the arXiv.org TEX-compiler, a
white space “ ” is put in the front and in the back of all internet URLs and
arXiv.org links. Moreover, they are underlined . These conventions insure
that the URLs and links are properly recognized, and that they are not hyphenated.
For instance, clicking the arXiv.org link arXiv:name/number automati-
cally generates the internet URL http://www.arXiv.org/abs/name/number .
10.4 Non-TEX conventions: directives and keywords
In the file special TEX comments are used to introduce the keywords, and to
introduce directives to the bibliography update/search/display computer programs:
• Standard comments start with “%”
• Bibliography KEYWORDS start with “%%”
• Bibliography directives start with “%$”
10.5 Directives
• %$D : date of entry in DDMMYYYY format
• %$C : a commentary/appreciation of the document follows
• %$L : this reference is on loan to the person whose name follows
• %$M : this reference is missing or lost
• %$N : this reference is not yet filed in its envelope/folder
• %$O : this reference is on order from some library
• etc.
The date of entry is particularly important for making automatic updates. It is
normally the last item in a bibliography entry, unless there is a commentary which
is appended at the very end of it.
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10.6 Format of typical references
What follows is a list of typical references in which the label, keywords, and
directives are made visible.
• Book:
LANCZ1949- C. Lanczos, The Variational Principles of Mechanics (Dover,
New-York, 1949, 1986) 418 pp. Quaternions pages 303–314. %%BOOK,
%%QUATERNION, %%SPECIAL-RELATIVITY, %$D06022002.
• Conference proceedings, festschrift or contributed volume:
SPROS1996- W. Spro¨ssig and K. Gu¨rlebeck, eds., Proc. of the Symp. “Ana-
lytical and Numerical Methods in Quaternionic and Clifford Analysis,” Seif-
fen, June 5–7, 1996 (TU Bergakademie Freiberg, 1996) 228 pp. %%BOOK,
%%QUATERNION, %%ANALYTICITY, %%CLIFFORD, %$D20032002.
• Paper in a conference proceedings, festschrift, or contributed volume:
PENRO1990- R. Penrose, Twistors, particles, strings and links, in: D.G.
Quillen et al., eds., The Interface of Mathematics and Particle Physics
(Clarendon Press, Oxford, 1990) 49–58. %%QUATERNION, %%TWISTOR,
%$D05022002.
• Paper in a journal:
WEISS1941- P. Weiss, On some applications of quaternions to restricted
relativity and classical radiation theory, Proc. Roy. Irish Acad. A
46 (1941) 129–168. %%QUATERNION, %%MAXWELL, %%SPINOR,
%%LORENTZ-DIRAC, %$D09022002.
• Two authors:
EINST1932- A. Einstein and W. Mayer, Semi-Vektoren und Spinoren,
Sitzber. Preuss. Akad. Wiss. Physik.-Math. Kl. (1932) 522–550.
%%QUATERNION, %%SEMIVECTOR, %$D05022002.
• Report or preprint:
VELTM1997- M. Veltman, Reflexions on the Higgs system, Report 97-
05 (CERN, 1997) 63 pp. %%BOOK, %%QUATERNION, %%LEPTO-
DYNAMICS, %%GAUGE-THEORY, %$D14052001, %$C Veltman uses
quaternions in the form of 2x2 matrices.
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• Ph.D. thesis:
GURSE1950A F. Gu¨rsey, Applications of quaternions to field equations,
Ph.D. thesis (University of London,1950) 204 pp. %%BOOK, %%QUATER-
NION, %%DIRAC, %%GENERAL-RELATIVITY, %%LANCZOS,
%%PROCA, %$D20032002.
• Unpublished document:
GSPON1993A A. Gsponer and J.-P. Hurni, Quaternion bibliography: 1843–
1993. Report ISRI-93-13 (17 June 1993) 35 pp. This is the first version of
the present bibliography, with 228 entries. %%QUATERNION, %%BIB-
LIOGRAPHY, %$D20032002.
• “arXived” e-print:
GSPON2002D A. Gsponer, Explicit closed-form parametrization of SU(3)
and SU(4) in terms of complex quaternions and elementary functions, Re-
port ISRI-02-05 (22 November 2002) 17 pp.; e-print arXiv:math-ph/0211056 .
%%QUATERNION, %%ALGEBRA, %%HADRODYNAMICS, %$10092005.
• Internet page:
NOBIL2006- R. Nobili, Fourteen steps into quantum mechanics, HTML




This bibliography would not exist without the help, dedication, and professional-
ism of Mrs. Claire-Lise Held and Mrs. Jocelyne Favre at the University of Geneva
Physics department library, and many other librarians at other universities.
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